Chebyshev and Legendre series have been widely used in many areas of physics and engineering. In this study, we examine on the efficacy of both seris in terms of series approximation and convergence. Some examples of functions that can be expanded in the form of infinite series of Chebyshev and Legendre polynomials are considered. Using the same number of polynomials coefficients, we find that Chebyshev series give a better approximation than Legendre series. In addition, we find that the rate of convergence of infinite series generated from the same function in terms of Chebyshev polynomial are more rapid than Legendre polynomial for 1 1 x    while for 1 x  , Chebyshev and Legendre series give the close rate of convergence. Finally, the convergence of Chebyshev and Legendre series with the same coefficients are considered.
Introduction
Special functions arise in many problems of pure and applied mathematics, mathematical statistics, physics, and engineering. In particular, they play an important role in numerical analysis as seen in approximation of integrals and solution of differential equations in physic problems e.g. electricity problems [3] , [6] .
Some special functions are often employed in approximating a given function as an appropriate polynomial. Especially, polynomials considering with low order are easy to handle and can be performed with minimal penalty in accuracy for computational speed [7] .
In addition to use truncated Taylor expansion, Chebyshev and Legendre polynomials are also helpful tools to approximate continuous functions [3] . However, the comparison of which series gives better approximation may not be straightforward.
In this research, we fill this gap by rearranging Chebyshev and Legendre series in the form of power series so that we are able to compare the accuracy of approximation. We will give some examples of expanding functions in term of infinite series of Chebyshev Polynomials and Legendre Polynomials. Using these expansions, we will approximate the functions under the same number of polynomials coefficients. Moreover, we compare the rate of convergence of infinite series in terms of Chebyshev and Legendre polynomials that are expanded from the same function. Finally, we analyze and determine the condition for convergence of infinite series represented in terms of Chebyshev or Legendre polynomials. Using such conditions, we compare the rate of convergence of series of Chebyshev and Legendre polynomials where the coefficients of such series are the same.
Approximations of Functions Using Chebyshev and Legendre Series Expansions
Consider a function ( ) f x where 1 1 x    that can be written in the form of Chebyshev series expansion as [6] 
To approximate this series, we will consider its partial sum for five terms as
we substitute
Further, we will find Legendre series expansion 
We hence obtain Legendre series expansion as
Similarly, using the same number of polynomials coefficients as Chebyshev series expansion, and substituting Table 2 , we find that the values from Chebyshev series expansion for five terms are more accurate than Legendre series expansion when the number of polynomials coefficients is the same. However, we find that when 1 x   , the error of using Chebyshev is 0.0635 while it is zero from Legendre. Moreover, when 0 x  , the error from using partial sums of both of Chebyshev and Legendre have is zero.
Exponential Function
For exponential function,
it can be approximated by using Chebyshev and Legendre series expansions as the previous function. To compare the efficiency of using these series, we proceed as follows.
We begin with determining the coefficients of Chebyshev series expansion as given in (2)- (3). Substituting
, we find that
and
We calculate the integrals numerically in equations (15) 
We investigate 2 3 4 , , c c c by using similar process and then obtain 
For the coefficients of Legendre series expansion given in equation (5), we find that 
The comparisons of using these two approximations are shown as following Table  3 and Table 4 . From Table 4 , we observe that the errors from using Chebyshev series expansion of ( )
are smaller than Legendre series expansion when we calculate the partial sum for five terms. For this five terms calculation, however, we note that at 0 x  the error obtained from using Chebyshev is 0.0001 while it is zero when we use Legendre series expansion.
Comparison study of series approximation

3 The Rate of Convergence of Chebyshev and Legendre Series Expansions
The series expanded from the same function
It is known that both of ( ) n T x and ( ) n P x are orthogonal polynomials for 1 1 x    . This means that if we define some analytic functions for 1 1 x    , we may write those functions in term of ( ) n T x and ( ) n P x given by (1) and (4), respectively. Although, both series converge, the rate of convergence may be different. In this section, we study the rate of convergence of series obtained from Chebyshev and Legendre expansions.
For 1 1 x    , we consider the step function given by 0 ; 1 0 ( ) ; 0 1.
This given function can be written in the form of Chebyshev and Legendre series expansions as
respectively. To compare the rate of convergence between these two series, we determine the value of index m used for numerical calculation for each series under the tolerance of order 5 
10
 . The results are shown in Table 5 as follows. We observe from Table 5 that the infinite series of Chebyshev in (25) requires less term for approximation than infinite series of Legendre in (26) under the tolerance of order 5 
 . Therefore, we can conclude that Chebyshev series expansion are quite converge rapidly with respect to Legendre series expanding from the step function (24). 
which are represented in terms of Chebyshev and Legendre polynomials, respectively. We next determine the value of index m used for numerical calculation for each series for ln x under the tolerance of order 5 10  . The results are shown in Table 6 . We observe from Table 6 that the infinite series of Chebyshev in (29) requires more or equal terms in approximation than Legendre in (31). Therefore, we might conclude that the rate of convergence of Legendre series expanded from ln x is close to Chebyshev series expansion in this case.
The series with the same coefficient
In this section, we find the conditions for convergence of Chebyshev series Since ( ) 1 n P x  , this implies that the necessary condition is that
converge.
In addition, we determine the conditions for convergence of
We next consider the infinite series presented in term of Legendre polynomials for 1 x  . Similarly, we define cosh ; 0 x t t   . The closed form approximation of Legendre polynomial ( ) n P x for large n [8] is in the form
Therefore, the infinite series in terms of Legendre polynomial
when N is sufficiently large. This series converges when the second term on the right side of (38) converges. Using the same procedure as Chebyshev series, the necessary condition for absolutely convergence of infinite series in terms of Legendre series is given by We now compare the rate of convergence of infinite series in terms of Chebyshev and Legendre polynomials where the coefficients for both series are the same.
For 1 1 x    , employing the given coefficient
we find that
n n n n n c a n
converges which is satisfied the above condition. Therefore, the infinite series of Chebyshev and Legendre polynomials are absolutely convergent. To compare the rate of convergence, we determine the number of terms for each series under the tolerance of order 5 
10
 . After calculating, we find that the infinite series in terms of Chebyshev polynomials using the same coefficient employ much more term to converge than Legendre polynomials as shown in Table 7 . . Here, the numbers of terms used for convergence of these series are shown in Table 8 . 
 . 
Conclusion
In summary, the elementary functions were exemplified in order to compare the accuracy of approximation in which both series are rearranged in the form of truncated power series of five terms. Although, it is observed that Chebyshev series gives a better approximation, the test for more general case which needs theoretical support is a key issue for further study. Nevertheless, our results may be useful in practical and can be used as a guide for deeper investigation.
In addition, we compared the rate of convergent of Chebyshev and Legendre series expansion expanded from the same function. When 1 1 x    , the result showed that Chebyshev series expansion of the given function is quite converging rapidly with respect to Legendre series expansion. While when 1 x  , the result showed that the rate of convergence of Legendre series is similar to Chebyshev series.
Finally, we provide some infinite series in terms of Chebyshev and Legendre polynomials under the same coefficient. We found that the series in term of Chebyshev requires more terms for convergence than Legendre polynomials for both case 1 1 x    and 1 x  . Although, these experiments might not be claimed for comparison of the rate of convergence from using Chebyshev and Legendre polynomials because they both converge to the different functions , one may study further about the characteristic of those functions and investigate why Legendre polynomials require less number of terms than Chebyshev polynomials under the same coefficient.
